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ABSTRACT

The primary goal of this study is to evaluate the hydrodynamic characteristics and the wave exciting forces 
on a shallowly submerged vehicle. A thin, rigid plate, which is completely submerged beneath the free surface 
in waters of finite depth is considered herein. The examined body is similar to an unmanned vehicle which is 
developed in Cyprus Marine and Maritime Institute for ocean science applications. From the present analysis 
the phenomenon of negative added mass and rapid variations of the added mass and damping coefficients is 
verified due to the free surface effect which is explained in terms of near-resonant standing waves above the 
submerged body.  
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1. INTRODUCTION

Studying the hydrodynamic characteristics of bodies submerged near to the sea surface is especially crucial for specific 
scenarios in ocean engineering. Specifically, the maneuverability and control of unmanned underwater vessels when they 
interact with the sea surface become critical for safe operations, requiring accurate prediction of hydrodynamic loading and 
vessel motion characteristics. However, motion maneuvering analysis is traditionally focused on surface vessels and submerged 
bodies floating far away from the free surface. On the other hand, little analysis is available on the case where a vessel is 
floating near the free surface. 

As early as 1960s Ogilvie (1963) presented a two-dimensional analysis concerning horizontal cylindrical bodies with circular 
or square cross sections submerged near the free water surface, concluding to a negative hydrodynamic (added) mass 
occurrence. In addition, Chung (1977) conducted experiments on a two-dimensional submerged circular or square cross section 
which was forced to oscillate in sway and heave directions for several submergences below free water surface. He illustrated 
negative added mass values for a square section when the submergence was on quarter of the semi-width. Newman et al. (1984) 
explained the occurrence of negative added mass values, along with rapid variations in the damping and added mass coefficients 
for certain frequency ranges, based on the resonant free surface motion observed in the fluid region above a submerged body. 
Similar physical argumentation was applied by Mavrakos (1993) in order to explain the negative added mass and sharp peaks 
of the force coefficients and the hydrodynamic characteristics of groups of interacting axisymmetric submerged bodies near 
the free surface or the seabed. Recently, a self-regulating fuzzy depth control method was developed by Shao et al. (2012) in 
order to maintain a cylindrical submerged structure at a specific depth below the free water surface, under free surface 
disturbances.  

Fully submerged objects moving near the free surface deform the water surface and create propagating waves that carry away 
energy. This dissipation of energy leads to a resisting force known as wave drag force. The problem was theoretically treated 
by Michell (1898) and Havelock (1917, 1931) for spheres and spheroids, whereas Chepelianskii et al. (2010) addressed the 
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influence of an immersed cylinder on wave propagation based on the analysis on submerged spheres. Also, Benusiglio et al. 
(2015) used fully submerged spheres to study the effect of the wave drag near the free surface. It was emphasized that the wave 
drag was comparable in magnitude to the hydrodynamic drag when the top of the sphere was at less than one sphere radius 
from the surface.     

Although little analysis is available on submerged axisymmetric cylindrical/spherical bodies near the free surface, the 
movement of submarines in a near-surface water environment has been the subject of many studies in the literature. Submarines 
descend to periscope or snorkeling depth for target exploration or battery recharging. In such scenarios environmental loads 
like waves, currents, resistance and suction forces are imposed on the submerged structure (Arentzen and Mandel, 1960; 
Burcher and Rydill, 1995). Several studies have been presented in the literature investigating the impact of the free water 
surface on an underwater vehicle through both numerical and experimental methods. Indicatives are Jagadeesh et al., 2009; 
Manssorzadeh and Javanmard, 2014; Nematollahi et al., 2015; Conway et al. 2018; Amiri et al., 2018, 2019a, 2019b, 2020; 
Lambert et al. 2020; Sudharsun et al. 2022; Ling et al. 2023. Furthermore, since the imposed forces on a submerged structure 
are different from those in large water depths, submarines are required to keep the necessary navigating pose (depth, roll angle 
and trim angle). Consequently, numerous research activities on depth control have been performed. Specifically, Hao et al. 
(2004) developed a two-step depth fuzzy controller to produce stern angle to counteract the second-order exciting wave forces 
on a submarine, whereas Choi et al. (2006, 2008) proposed a mathematical model for the evaluation of the wave exciting forces 
on a submerged structure and performed depth control simulations using the proportional-integral-derivative method. 
Rezazadegan et al. (2015) proposed a novel adaptive trajectory tracking control of an autonomous underwater vehicle in six-
degree of freedom. In addition, Park et al. (2016) elaborated an adaptive control technique utilizing a neural network and a 
proportional-integral-derivative controller to regulate the depth of a submerged body in close proximity to free water surface. 
At the same time, the case of the water surface being covered with ice has also been considered. Zemlyak et al. (2021, 2023) 
studied theoretically and experimentally the motions of a submerged body near the free water surface when the latter was 
covered by ice. Here a sink-source model was applied, and the ice cover was simulated as a thin elastic plate floating on the 
water surface, whereas the experiments were performed in an ice tank. It was concluded that the variation of the relative 
submergence of a body moving at a shallow submergence attained non negligible values.  

The main objective of this investigation is to evaluate the hydrodynamic characteristics and the wave exciting forces on a 
shallowly submerged vehicle. A thin, rigid plate, which is completely submerged beneath the free surface in waters of finite 
depth is considered herein. The examined body is similar to an unmanned vehicle which is developed in Cyprus Marine and 
Maritime Institute (CMMI) for ocean science applications. In the present analysis a semi-theoretical formulation is described 
by properly composing the solutions of the diffraction and the motion radiation problems around the floating structure within 
the framework of linear potential theory. This is done under the assumption of an incompressible and inviscid fluid and an 
irrotational flow. In addition, two numerical simulation tools, ANSYS Aqwa and HAQi software, are also implemented to 
compare the numerical results with the theoretical ones. 

The rest of this paper is structured as follows. In Section 2 the geometric model of the underwater vehicle is introduced. Section 
3 presents the developed theoretical formulation within the domain of linear potential theory, whereas focus is also given to 
the applied numerical models. Section 4 is dedicated to the presentation of the outcomes of the two applied formulations 
whereas conclusions of the work are drawn in Section 5.    

2. DESCRIPTION OF THE CONSIDERED AUTONOMOUS UNDERWATER VEHICLE  
Underwater gliders are autonomous vehicles that move through the water by changing their buoyancy and pitch (Javaid et al., 
2014), which makes them more energy-efficient than other types of autonomous marine vehicles (AMVs) while minimizing 
their acoustic signature. This makes them ideal for many oceanic surveying applications, including long-term environmental 
monitoring, marine animal tracking and oceanographic surveying (Javaid et al., 2014). Additionally, gliders are relatively low-
cost and can be deployed for extended periods.  

The traditional torpedo-shaped underwater gliders are limited by their slow speed and restricted maneuverability, which can 
make them unsuitable for some applications (Javaid et al., 2014). To address some of these limitations, Disk-Type Underwater 
Gliders (DTUG) emerged (Nakamura et al., 2007, 2008; Yu et al., 2017; Zhou et al., 2020). Unlike torpedo-shaped gliders, 
DTUGs have omnidirectional motion capabilities, which make them more maneuverable and better suited for navigating 
complex underwater environments, such as near islands or inside narrow channels. An important example of such a marine 
environment is the Aegean Sea, where the existence and close proximity of large and small islands and rocky islets as well as 
the dense marine traffic (both for commercial and leisure purposes), require autonomous vehicles that operate in this region to 
have high-manoeuvrability capabilities. The Cyprus Marine and Maritime Institute is exploring the DTUG trend through the 
design and implementation of its own DTUG prototype, which has diameter of 5.2m and overall height of 0.86m, as shown in 
Figure 1, specifically for use in the Aegean Sea and eastern Mediterranean regions. 



   

 
Figure 1: Schematic representation of the examined Disk-Type Underwater Glider 

The large size of the DTUG enables it to carry high-volume buoyancy engines, which in turn allow it to navigate while carrying 
large payloads of more than 200kg, including components of energy harvesting technologies that can enhance its overall power 
autonomy. Additionally, its flat and wide structure offers stealth capabilities when the DTUG lies on the ocean surface, since 
it can become nearly invisible to both underwater and above surface detection methods (e.g., underwater sonar and above-
surface radar).  

The existence of negative hydrodynamic (added) mass and excitation forces that can occur near the ocean surface can enable 
the DTUG to maintain its shallow depth without the need for additional consumption of energy. At the same time, to achieve 
full submersion away from the ocean surface, these hydrodynamic effects need to be overcome. The creation of a 
comprehensive autonomous controller that can properly utilize or overcome these hydrodynamic effects depending on the 
mission needs of the DTUG, requires the proper understanding of the magnitude and occurrence of these effects under different 
situations.  

According to Fossen (2011), from a maneuvering theory perspective, the 6 DOF motion model of an underwater vehicle is 
given by: 𝑴𝒗ሶ + 𝑪(𝒗)𝒗 + 𝑫(𝒗)𝒗 + 𝒈(𝒙) = 𝝉 + 𝝉𝒘𝒂𝒗𝒆,        (1)  

where 𝒗 = ሾ𝑢, 𝑣, 𝑤, 𝑝, 𝑞, 𝑟ሿ is the glider’s velocity vector in the body frame, as shown in Figure 1, while 𝒙 = ሾ𝑥, 𝑦, 𝑧, 𝜑, 𝜃, 𝜓ሿ 
is the glider’s position and orientation vector in the inertial frame. 𝑴 = 𝑴𝑹𝑩 + 𝑴𝑨  ∈  ℝ଺௫଺ is the system inertia matrix, 𝑪(𝒗)  ∈  ℝ଺௫଺ is a skew-symmetric matrix describing the Coriolis and centripetal effects due to the motion of the glider and 𝑫(𝒗) = 𝑫𝑷 + 𝑫𝑽 + 𝑫𝒏(𝒗)  ∈  ℝ଺௫଺ is a positive-semidefinite symmetric matrix denoting the (potential, linear and quadratic) 
damping forces. It should be noted that quadratic damping forces (described by the 𝑫𝒏(𝒗) matrix) are largely excluded from 
the motion model of underwater gliders, due to the very low maximum speeds that they can reach. Additionally, forces 
occurring by Coriolis and centripetal effects (described by the 𝑪(v) matrix) can be also assumed to be negligible due to the low 
maximum speeds of the vehicle. These simplification assumptions are further strengthened in the case of DTUGs, where their 
omnidirectional motion characteristics allow for small deviations between the actual motion of the DTUG and its modelled 
behaviour, caused by such forces, to be easily corrected as soon as they occur.  

The vector 𝒈(𝒙) ∈ ℝ଺ describes the gravitational/buoyancy forces and moments acting on the underwater vehicle, while the 
vector 𝝉 ∈ ℝ଺ describes its actuation forces and moments. In the case of underwater gliders, the actuation of the vehicle occurs 
through the manipulation of its gravitational/buoyancy forces and moments and thus the two terms can be merged. Lastly, the 
vector 𝝉𝒘𝒂𝒗𝒆 ∈ ℝ଺ describes the excitation forces acting on the glider when it operates at water depths close to the ocean 
surface, inside the wave-affected zone. Therefore, the simplified motion model of the DTUG takes the form: ሾ𝑴𝑹𝑩 + 𝑴𝑨ሿ𝒗ሶ + ሾ𝑫𝑷 + 𝑫𝑽ሿ𝒗 + 𝒈(𝒙) = 𝝉𝒘𝒂𝒗𝒆                             (2) 𝑴𝑹𝑩 represents the rigid body mass and inertia and assuming that the centre of gravity (CG) of the vehicle is at the origin of 
its body frame, it is given by: 



   

𝑴𝑹𝑩 =
⎣⎢⎢
⎢⎢⎡
𝑚 0 00 𝑚 00 0 𝑚 0

0 𝐼௫ −𝐼௫௬ −𝐼௫௭−𝐼௬௫ 𝐼௬ −𝐼௬௭−𝐼௭௫ −𝐼௭௬ 𝐼௭ ⎦⎥⎥
⎥⎥⎤                             (3) 

𝑴𝑨 is the hydrodynamic (added) mass matrix which can be approximated using the potential coefficients 𝑨(𝜔) by:  

𝑴𝑨 ≈
⎣⎢⎢
⎢⎢⎢
⎡𝐴ଵଵ(0) 00 𝐴ଶଶ(0) ⋯ 0𝐴ଶ଺(0)⋮ 𝐴ଷଷ(𝜔௛௘௔௩௘) 0 00 𝐴ସସ(𝜔௥௢௟௟) 00 0 𝐴ହହ(𝜔௣௜௧௖௛) ⋮0 𝐴଺ଶ(0) ⋯ 𝐴଺଺(0)⎦⎥⎥

⎥⎥⎥
⎤
      (4) 

where the natural frequencies 𝜔௛௘௔௩௘, 𝜔௥௢௟௟ and 𝜔௣௜௧௖௛ depend on the hydrostatic characteristics of the vehicle in the centre of 
flotation (CF) (Fossen, 2011). Due to the actuation characteristics of underwater gliders, their CF may be continuously varying 
throughout their operation. Describing the internal configuration of the actuation elements of the studied DTUG is beyond the 
scope of this paper and therefore, further analysis on how the aforementioned natural frequencies can be obtained will not be 
presented.  

Like 𝑴𝑨, the potential damping matrix 𝑫𝑷 can be approximated using the potential coefficients 𝑩(𝜔) by: 

𝑫𝑷 ≈
⎣⎢⎢
⎢⎢⎡
0 00 0 ⋯ 00⋮ 𝐵ଷଷ(𝜔௛௘௔௩௘) 0 00 𝐵ସସ(𝜔௥௢௟௟) 00 0 𝐵ହହ(𝜔௣௜௧௖௛) ⋮0 0 ⋯ 0⎦⎥⎥

⎥⎥⎤                           (5) 

On the other hand, the linear viscous damping matrix 𝑫𝑽 is usually approximated by a diagonal matrix: 
 𝑫𝑽 ≈ diag{𝐵ଵଵ௩, 𝐵ଶଶ௩, 𝐵ଷଷ௩, 𝐵ସସ௩, 𝐵ହହ௩, 𝐵଺଺௩}              (6) 
 
where the elements 𝐵௜௜௩ (𝑖 = 1, … 6) depend on the potential coefficients 𝑨(𝜔) and can be computed from the time constants 
and natural periods of the vehicle (Fossen, 2011). Once again, further elaboration on the methods used to obtain the time 
constants and natural periods of the vehicle, requires a description of its internal actuation elements, which lies beyond the 
scope of this paper.  

The presented manoeuvering theory applies to vehicles operating at water depths below the wave-affected zone and it results 
in reduced model complexity to enable real-time motion prediction and control. To achieve this reduced complexity, the theory 
assumes no coupling between the surge, heave-roll-pitch and the sway-yaw subsystems, which in turn excludes the use of the 
potential coefficients 𝐴ଵହ, 𝐴ହଵ, 𝐴ଶସ, 𝐴ସଶ, 𝐵ଵହ, 𝐵ହଵ, 𝐵ଶସ and 𝐵ସଶ from Equations (4) and (5). 

Conversely, motion control near the sea surface is limited due to the way of actuation of DTUGs and it primarily involves 
motion along their heave-roll-pitch degrees of freedom (i.e., using the potential coefficients 𝐴ଷଷ, 𝐴ସସ, 𝐴ହହ, 𝐵ଷଷ, 𝐵ସସ, 𝐵ହହ) while 
also considering possible wave-excitation forces. That said, the calculation of other significant potential coefficients 
(𝐴ଵହ, 𝐴ହଵ, 𝐴ଶସ, 𝐴ସଶ, 𝐵ଵହ, 𝐵ହଵ, 𝐵ଶସ and 𝐵ସଶ) can enable further DTUG functionalities to be developed in the future. More 
specifically, using advanced parameter-estimation algorithms along with a more detailed motion model, it is expected that the 
vehicle will be able to accurately estimate the current sea-state, based on its past motion, both for oceanographic surveying 
applications and in order to be able to submerge itself in unfavourable weather conditions.  To this end, the rest of this paper 
will focus on the study of all significant potential coefficients 𝑨(𝜔) and 𝑩(𝜔) for the studied DTUG. 

 
3. FORMULATION OF THE PROBLEM 
3.1 Theoretical Formulation 
 
We consider a cylindrical submerged disk with vertical axis of symmetry, similar to the above DTUG, which is exposed to the 
action of regular waves propagating in water depth d with frequency ω. A cylindrical co-ordinate system (r, θ, z) is defined 
with origin on the sea bottom and its vertical axis Oz directed upwards (Figure 2). Let the linear translation and rotational 



   

vector of the body’s motion be denoted by 𝝃 = (𝜉ଵ, 𝜉ଶ, 𝜉ଷ) and 𝜽 = (𝜉ସ, 𝜉ହ, 𝜉଺), respectively. Their components correspond to 
the surge (j = 1), sway (j =2), heave (j =3), roll (j = 4), pitch (j = 5) and yaw (j =6) modes of motion. Under the assumption of 
a symmetrical mass distribution, a vertical cylindrical body undergoes three-degree of freedom motion in the wave propagation 
plane under the influence of a regular wave train, i.e. two translations (surge, 𝜉ଵ; heave, 𝜉ଷ) and one rotation (pitch, 𝜉ହ).  
 
Assuming further that the viscous effects are negligible, the fluid is incompressible, and the displacements of the body and the 
wave height are small, classical linearized water wave theory can be employed. The fluid flow can be delineated by the potential 
function: 
 𝛷(𝑟, 𝜃, 𝑧; 𝑡) = 𝑅𝑒ሾ𝜑(𝑟, 𝜃, 𝑧). 𝑒ି௜ఠ௧ሿ         (7) 
 
where the complex potential function 𝜑(𝑟, 𝜃, 𝑧)  can be expressed, on the basis of linear modelling, as a superposition of the 
incident, 𝜑଴, scattered, 𝜑଻, and radiated wave fields due to the motion of the body, i.e. 𝜑 = 𝜑଴ + 𝜑଻ +  ∑ 𝜉ሶ௝଴௝ୀଵ,ଷ,ହ 𝜑௝ =  𝜑஽ + ∑ 𝜉ሶ௝଴௝ୀଵ,ଷ,ହ 𝜑௝       (8) 

 

  Figure 2: Submerged disk. Definitions and discretization of the flow field around the body. 
 
Here, 𝜑௝ denotes the potential of the wave field due to the forced oscillation of the body in the j th mode of motion with unit 
velocity amplitude 𝜉ሶ௝଴. Moreover, all contributions to the total potential 𝜑 must be solutions of the Laplace’s equation in the 
entire fluid domain and must meet the following boundary conditions:  
 𝜔ଶ𝜑஽ − 𝑔 డఝವడ௭ =  𝜔ଶ𝜑௝ − 𝑔 డఝೕడ௭ = 0,   𝑧 = 𝑑,     𝑗 = 1, 3, 5       (9) 
  డఝವడ௭ =  డఝೕడ௭ = 0,   𝑧 = 0,     𝑗 = 1, 3, 5         (10) 
 డఝವడ𝒏 = 0,   𝑜𝑛 𝑆            (11) 
  డఝೕడ𝒏 = 𝑛௝,   𝑜𝑛 𝑆,     𝑗 = 1, 3, 5          (12) 
 
Where 𝜕(  ) 𝜕𝒏⁄  stands for the derivative in the direction of the outward unit normal vector n to the mean wetted surface S of 
the body and 𝑛௝ are its generalized normal components specified by: 
 𝒏 = (𝑛ଵ, 𝑛ଶ, 𝑛ଷ),   𝒓 𝒙 𝒏 =  (𝑛ସ, 𝑛ହ, 𝑛଺)          (13) 
 
r is the position vector of a point on S with respect to the body’s reference point of motion expressed in the co-ordinate system 
(r, θ, z). Finally, a radiation condition must be enforced stipulating that propagating disturbances must be outgoing. 
 
The velocity potential of the undisturbed incident wave system, 𝜑଴ propagating along the positive x – axis can be described in 
the cylindrical co-ordinate system (r, θ, z) as follows:  
 



   

𝜑଴(𝑟, 𝜃, 𝑧) = −𝑖𝜔𝛢 ௓బ(௭)௓బᇲ(ௗ) ∑ 𝜀௠𝑖௠𝐽௠(𝑘𝑟)cos(𝑚𝜃)ஶ௠ୀ଴         (14) 

 
In Equation (14), 𝐴 denotes the wave amplitude, 𝜀௠ is the Neumann’s symbol (i.e., 𝜀଴ = 1; 𝜀௠ = 2 for 𝑚 > 0), 𝐽௠ is the 𝑚th 
order Bessel function of first kind, 𝑍଴ equals to:     
 𝑍଴(𝑧) = 𝑁଴ି ଵ/ଶ cosh(𝑘𝑧) = ൤ଵଶ ቂ1 + ୱ୧୬୦ (ଶ௞ௗ)ଶ௞ௗ ቃ൨ିభమ cosh(𝑘𝑧) (15) 

 
and 𝑍଴ᇱ (𝑑) denotes 𝑍଴ derivative at 𝑧 = 𝑑. The wave number 𝑘 is associated with the wave frequency 𝜔 by the dispersion 
equation: 𝜔ଶ = 𝑘𝑔tanh(𝑘𝑑).     
 
For solving the diffraction and radiation problems, the method of matched axisymmetric eigenfunction expansions will be 
utilized. As per the method, the flow around the submerged cylinder is subdivided into cylinder - shaped fluid regions, denoted 
by 𝐼, 𝐼𝐼, 𝐼𝐼𝐼 (see Figure 2), where appropriate series representations of the fluid’s velocity potential in cylindrical co-ordinates 
will be established.  
 
In accordance with the series representation of the undisturbed incident wave potential, eq. (14), the diffraction potential at 
each fluid region ℓ = 𝐼, 𝐼𝐼, 𝐼𝐼𝐼 is anticipated to:  
   𝜑஽௟ (𝑟, 𝜃, 𝑧) = −𝑖𝜔𝛢 ∑ 𝜀௠𝑖௠𝛹஽௠ℓ (𝑟, 𝑧)cos(𝑚𝜃)ஶ௠ୀ଴  (16) 
 
while for the radiation velocity potential 𝜑௝௣ at each fluid domain, ℓ, yields: 
 𝜑௝௟(𝑟, 𝜃, 𝑧) = ∑ 𝛹௝௠ℓ (𝑟, 𝑧)cos(𝑚𝜃)ஶ௠ୀ଴ , 𝑗 = 1, 3, 5 (17) 
 
In the unknown functions 𝛹௝௠ℓ  (see Equations (16) and (17)), the first subscript 𝑗 = 𝐷, 1, 3, 5 signifies the representative 
boundary value problem being considered, while the second subscript the 𝑚 values that need to be taken into account. It is 
worth noting that the fluid flow resulting from the forced oscillation of the cylinder in still water, is symmetric about 𝜃 = 0 - 
plane and antisymmetric about 𝜃 = గଶ -plane for surge (j = 1) and pitch (j = 5) mode of motions, whereas it is symmetric with 
respect to both these planes for heave mode, (j = 3). Hence, Equation (17) can be rewritten as:  
 𝜑௝௟(𝑟, 𝜃, 𝑧) = 𝛹௝ଵℓ (𝑟, 𝑧)cos(𝜃), 𝑗 = 1,5 (18) 
 𝜑ଷ௟ (𝑟, 𝜃, 𝑧) = 𝛹ଷ଴ℓ (𝑟, 𝑧), 𝑗 = 3  (19) 
 
To evaluate the unknown functions 𝛹௝௠ℓ  the method of separation of variables for the Laplace differential equation is employed. 
Consequently, suitable series representations of the functions 𝛹௝௠ℓ , 𝑗 = 𝐷, 1, 3, 5;  ℓ = 𝐼, 𝐼𝐼, 𝐼𝐼𝐼 in each fluid domain around the 
submerged disk can be established (Kokkinowrachos, et al, 1986; Mavrakos, 1985, 1988, 2004) 

(a) Outer fluid domain I (𝑟 ≥ 𝑎, 0 ≤ 𝑧 ≤ 𝑑) 
 ଵఋೕ 𝛹௝௠ூ (𝑟, 𝑧) = 𝑔௝௠ூ (𝑟, 𝑧) + ∑ 𝐹௝௠௡ூஶ௡ୀ଴ ௄೘(௔೙௥)௄೘(௔೙௔) 𝑍௡(𝑧)                    for j=D, 1, 3, 5; (20) 

 
where:  
 𝑔஽௠ூ (𝑟, 𝑧) = ቄ𝐽௠(𝑘𝑟) − ௃೘(௞௔)ு೘(௞௔) 𝐻௠(𝑘𝑟)ቅ ௓బ(௭)ௗ௓ሖబ(ௗ) ;            𝑔ଵଵூ (𝑟, 𝑧) = 𝑔ଷ଴ூ (𝑟, 𝑧) = 𝑔ହଵூ (𝑟, 𝑧) =  0       (21) 

and 𝛿஽ = 𝛿ଵ = 𝛿ଶ = 𝛿ଷ = 𝑑,  𝛿ସ = 𝛿ହ = 𝑑ଶ; 𝐻௠, 𝐾௠ are the m-th order Hankel function of first kind and the modified Bessel 
function of second kind, respectively. Also, 𝐹௝௠௡ூ  are the unknown Fourier coefficients to be established by the solution process. 
Moreover,  



   

𝑍௡(𝑧) = ቈଵଶ ቂ1 + ୱ୧୬(ଶ௔೙ௗ)ଶ௔೙ௗ ቃ቉ିଵ/ଶ cos(𝑎௡𝑧) , 𝑛 ≥ 1                                         (22) 

The eigenvalues 𝑎௡ are roots of the transcendental equation: 𝜔ଶ+𝑔𝑎௡ tan(𝑎௡𝑑) = 0, which possesses one imaginary, 𝑎଴ =−𝑖𝑘, 𝑘 > 0 and infinite number of real roots.  
 

(b) For the fluid domain of type II (0 ≤ 𝑟 ≤ 𝑎, ℎଶ + ℎ ≤ 𝑧 ≤ 𝑑 
 ଵఋೕ 𝛹௝௠ூூ (𝑟, 𝑧) = 𝑔௝௠ூூ (𝑟, 𝑧) + ∑ 𝐹௝௠௤ூூஶ௤ୀ଴ ூ೘(ୟ೜௥)ூ೘(ୟ೜௔) 𝑍௤(𝑧)         for j = D, 1, 3, 5 (23) 

 
where: 
 𝑔஽௠ூூ (𝑟, 𝑧) = 𝑔ଵଵூூ (𝑟, 𝑧) = 0;   𝑔ଷ଴ூூ (𝑟, 𝑧) =  ௭ௗ − 1 + ௚ௗఠమ ;   𝑔ହଵூூூ(𝑟, 𝑧) = − ௥ௗమ ቂ(𝑧 − 𝑑) +  ௚ఠమቃ (24) 
 
and 𝛿஽ = 𝛿ଵ = 𝛿ଶ = 𝛿ଷ = 𝑑,  𝛿ସ = 𝛿ହ = 𝑑ଶ; 𝐼௠ , the m-th order modified Bessel function of first kind. Here 𝐹௝௠௤ூூ  denote the 
unknown Fourier coefficients to be determined by the solution process. Additionally,  𝑍௤(𝑧) = ቈଵଶ ൤1 + ୱ୧୬(ଶ௔೜(ௗି(௛ା ௛మ))ଶ௔೜(ௗି(௛ା ௛మ )) ൨቉ିଵ/ଶ cosൣ𝑎௤൫𝑧 − (ℎ + ℎଶ)൯൧ , 𝑞 ≥ 1                                         (25) 

The eigenvalues 𝑎௤ are roots of the transcendental equation: 𝜔ଶ+𝑔𝑎௤ tanൣ𝑎௤൫𝑧 − (ℎ + ℎଶ)൯൧ = 0, which possesses one 
imaginary, 𝑎଴ = −𝑖𝑘ூூ,   𝑘ூூ > 0 and infinite number of real roots.  
 

(c) For the fluid domain of type III 
 ଵఋೕ 𝛹௝௠ூூூ(𝑟, 𝑧) = 𝑔௝௠ூூூ (𝑟, 𝑧) + ∑ 𝜀௣𝐹௝௠௣ூூூ ூ೘ቀ೛ഏೝ೓మ ቁூ೘ቀ೛ഏೌ೓మ ቁ 𝑐𝑜𝑠ஶ௣ୀ଴ ቀ௣గ௭௛మ ቁ                                  (26) 

 
where: 
 𝑔஽௠ூூூ (𝑟, 𝑧) = 𝑔ଵଵூூூ(𝑟, 𝑧) = 0; 𝑔ଷ଴ூூூ(𝑟, 𝑧) = ௭మି(భమ)௥మଶ௛మௗ ; 𝑔ହଵூூூ(𝑟, 𝑧) = − ௥ቂ௭మି(భర)௥మቃଶ௛మௗమ  (27) 
 
 𝛿௝,   𝑗 = 𝐷, 1, 3, 5, is defined above and 𝜀௣ is the Newmann’s symbol, see eq. (8); 𝐹௝௠௣ூூூ  are the unknown Fourier coefficients 
to be determined through the solution process. In Equations (20), (23) and (26), 𝑔௝௠௟ (𝑟, 𝑧),  l = I, II, III and j =1, 3, 5 represent 
particular solutions for the different mode of motions, which satisfy the respective kinematic conditions on the horizontal 
boundaries of the fluid domains of types I, II and III. The same is valid for the homogeneous parts of the series expansions of 
the velocity potential representations, see Equations (20), (23) and (26), which are properly selected so that the kinematic 
boundary conditions on the horizontal walls of the cylindrical body, the linearized dynamic condition on the free surface, see 
Equation (9), and the kinematic one on the seabed, see Equation (10), are satisfied beforehand. Employing Galerkin’s method 
the potential solutions are aligned by ensuring continuity of hydrodynamic pressure and radial velocity at the vertical boundaries 
of adjacent fluid regions. Additionally, kinematic conditions on the bodies’ wetted surfaces are satisfied. The methodology has 
been thoroughly detailed in prior publications for both the diffraction and the radiation problems (Kokkinowrachos, et al, 1986; 
Mavrakos, 1985, 1988, 2004) and thus, it will be no further elaborated in the present study.  
 
Considering the extreme positions of the cylindrical disk near the free surface, i.e. ℎଵ → 0, special attention has to be paid as 
the respective arguments of the Bessel functions involved in the series representation (23) become too large. To circumvent the 
difficulty, asymptotic expressions for the Bessel functions for large arguments are introduced (Abramowitz and Stegun, 1970) 
and the corresponding expression for the velocity potential representation in the second fluid domain, i.e. j = II, is recast as 
follows:       
 ଵఋೕ 𝛹௝௠ூூ (𝑟, 𝑧) = 𝑔௝௠ூூ (𝑟, 𝑧) + ∑ 𝐹௝௠௤ூூ ට௔௥ஶ௤ୀ଴ ௘ೌ೜ೝ௘ೌ೜ೌ ௙భ(௔೜௥)௙భ(௔೜௔) 𝑍௤(𝑧)         for j = D, 1, 3, 5 (28) 

 
with  
 



   

𝑓ଵ(𝑧) = 1 − ఓିଵ଼௭ + (ఓିଵ)(ఓିଽ)ଶ!(଼௭)మ − (ఓିଵ)(ఓିଽ)(ఓିଶହ)ଷ!(଼௭)య + ⋯. (29) 
 
where 𝜇 = 4𝑚ଶ; the rest of the symbols and functions involved in Equation (28) have been defined previously. 

3.2 Numerical Formulation 
 
Concerning the numerical formulations, two simulation tools, ANSYS Aqwa and HAQi software, are implemented. ANSYS 
AQWA is part of ANSYS Mechanical Enterprise suite which performs diffraction and radiation analysis based on potential 
theory (ANSYS AQWA theory manual, 2015). The physics of AQWA are applicable for finite depth waters and are solved 
under the frequency domain framework. The version that is used in the present work is the 2021R1. The central processing unit 
(CPU) time required to achieve the numerical simulation using 17208 wetted elements is about a quarter of a minute for each 
wave frequency. Figure 3 depicts the element discretization of the examined submerged body.      

 

 
Figure 3: Mesh overview of the examined submerged body for ANSYS AQWA. 

 
HAQi is an in-house developed numerical panel code (Bardis and Mavrakos, 1988) using the sink source technique. 
Specifically, the velocity potential at every point in the field is derived as the superposition of potentials arising from pulsating 
singularities (sources) distributed across the wetted surface of the body. Consequently, the fluid potential 𝛷௝, 𝑗 = 1, … ,6,7, 
around the submerged structure, can be expressed as: 𝛷௝(𝑥, 𝑦, 𝑧) = ଵସగ ∬ 𝑄௝(𝜉, 𝜂, 𝜁)ௌబ 𝐺(𝑥, 𝑦, 𝑧, 𝜉, 𝜂, 𝜁)𝑑𝑆 , 𝑗 = 1,2, … , 6,7 (30) 
 
Here 𝑄௝(𝜉, 𝜂, 𝜁) is the strength (i.e. density) of the singularity at (𝜉, 𝜂, 𝜁); the 𝐺(𝑥, 𝑦, 𝑧, 𝜉, 𝜂, 𝜁) is the Green function for finite 
water depth as given in Wehausen and Laitone (1960); 𝑥, 𝑦, 𝑧, 𝜉, 𝜂, 𝜁 are rectangular coordinates, and 𝑆଴ is the submerged body’s 
mean wetted surface.   

The Laplace differential and the proper boundary conditions are automatically satisfied (see Section 3.1). Hence, the following 
integral equation can be derived for the diffraction (𝑗 = 7) and the radiation problems (𝑗 = 1,2, … ,6), respectively: 

ଵଶ 𝑄௝(𝑥, 𝑦, 𝑧) + ଵସగ ∬ 𝑄௝(𝜉, 𝜂, 𝜁)ௌబ డீ(௫,௬,௭,క,ఎ,఍)డ௡ 𝑑𝑆 = ቊ − డఝబడ௡  for j = 7𝑛௜ for j = 1,2, … ,6 (31) 

 
Here 𝑛௜ denote the generalized normal components. 

Equation (31) is addressed by subdividing 𝑆଴ into plane quadrilateral or triangular elements with singularities positioned at the 
geometrical center of each element. The integral in Equation (31) is approximated by a finite series of P terms, where P 
represents the number of plane elements. Consequently, a linear system of P equations is formulated, which is then solved with 
respect to the source’s strengths 𝑄௝(𝜉, 𝜂, 𝜁), 𝑗 = 1,2, … . ,6. Once 𝑄௝(𝜉, 𝜂, 𝜁) has been computed for each element the flow 
potential can be readily determined from Equation (30). The theoretical framework of this three-dimensional method is 
extensively described in Wehausen and Laitone (1960); Garrison (1974, 1975); Mavrakos and Bardis (1984),  thus it is no 
further elaborated herein.  

The computational workload of the sink-sources formulation can be decreased for bodies with a symmetry plane. Specifically, 
in the examined case one half of the immerged surface is subdivided. Hence, a total of 266 elements have been considered for 
the discretization of the half body’s wetted surface as can be seen in Figure 4, whereas the CPU time required is about less than 
a min for each wave frequency.  



   

 
Figure 4: Panel discretization of the examined submerged body for HAQi. 

 

4. NUMERICAL RESULTS  
 
This section compares and discusses the outcomes of the three presented formulations on the hydrodynamics of the submerged 
unmanned vehicle. The precision of the theoretical modelling is influenced by the evaluation procedure of the Fourier 
coefficients within each fluid domain surrounding the body. In the present calculations 80 terms are utilized for the series 
expansions of the velocity potential in the outer 𝐼, and upper 𝐼𝐼, fluid domain, whereas 150 terms are retained for the velocity 
representation in the lower type 𝐼𝐼𝐼. The theoretical results are acquired using an in-house computer software (Mavrakos, 1995) 
in FORTRAN programming language. The CPU time is set to less than a second for each analyzed wave frequency.     

The geometric characteristics of the considered submerged body are: height of the body ℎ, radius of the body 𝑎 = 3.023ℎ, 
whereas the water depth 𝑑 = 290.7ℎ. These dimensions have been properly selected based on the geometry of the underwater 
vehicle developed by the CMMI (see Section 2). Initially, the body is assumed to be floating at 0.116ℎ below the free water 
surface. In Figure 5 the Response Amplitude Operator (RAO) of the exciting wave forces and moments on the submerged 
vehicle are presented. The depicted results are evaluated by the theoretical formulation and the numerical software.   

  
         (a)                (b) 

 
           (c) 

Figure 5: RAO of the exciting forces and moments on the submerged body: (a) horizontal forces; (b) vertical forces; 
(c) horizontal moments 
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It is evident from Figure 5a that the horizontal exciting forces show an oscillatory behavior. Specifically in the vicinity of 𝜔 =1.3rad/s the forces depict a quite rapid increase, while a rapid decrease follows leading to a local minimum at 𝜔 = 1.4rad/s. 
The values of 𝐹௫ exhibit a similar pattern of variation also in the vicinity of 𝜔 = 2.3 rad/s and 𝜔 = 2.4 rad/s, with a smoother, 
however, increase and decrease, respectively. It can be also seen from Figure 5c that similar to the surge exciting forces, the 
sharp peaks observed in horizontal moments are presented at the same wave frequencies. Regarding, the heave exciting forces 
(see Figure 5b) a smooth variation pattern is depicted with a peak at the neighborhood of 𝜔 = 0.85rad/s. As far as the 
comparisons of the applied methodologies are concerned it can be seen that the results from the numerical software HAQi 
correlate excellently to the outcomes of AQWA. It is worth noting that certain differences between the results of the theoretical 
and numerical methods, particularly at wave numbers where the exciting forces reach peaks, can be deemed negligible. This is 
because the theoretical results are perfectly aligned with the variation pattern observed in the outcomes derived from the 
numerical formulation.   

Figure 6 illustrates the comparison of the added mass coefficients, 𝐴ଵଵ, 𝐴ଷଷ, 𝐴ହହ, 𝐴ଵହ between the theoretical and the numerical 
models. A strong frequency dependance on the hydrodynamic mass is depicted. The latter is accompanied by sharp peaks at 
certain frequency ranges. It should be noted that the variation of 𝐴ଵଵ is marked by the occurrence of distinct peaks at the same 
wave frequencies in which 𝐹௫ attains maximum and minimum values (see Figure 6a). The same applies to the concerned wave 
frequency range, where resonance phenomena occur in 𝐴ଷଷ (see Figure 6b). Specifically, 𝐴ଷଷ shows an oscillatory variation 
pattern at the neighborhood of 𝜔 = 0.85rad/s, where the heave exciting forces also attain a peak. Additionally, it is important 
to note that negative values of the added mass coefficients 𝐴ଵଵ, 𝐴ଷଷ, are depicted near the resonant frequencies. Ogilvie (1963) 
also observed a similar phenomenon. Regarding the comparisons between the applied methodologies, it can be obtained that 
the two numerical approaches attain similar results. However, discrepancies between the results of the numerical and the 
theoretical methods are notable, especially at the vicinity of the resonant frequencies.      
 

  
         (a)                (b) 

  
         (c)                (d) 

Figure 6: Hydrodynamic mass of the submerged body: (a) at the surge direction due to its forced oscillation in surge; 
(b) at the heave direction due to its forced oscillation in heave; (c) at the pitch direction due to its forced rotation in 

pitch; (d) at the surge direction due to its forced rotation in pitch  
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         (a)                (b) 

 
         (c)                (d) 

Figure 7: Damping coefficient of the submerged body: (a) at the surge direction due to its forced oscillation in surge; 
(b) at the heave direction due to its forced oscillation in heave; (c) at the pitch direction due to its forced rotation in 

pitch; (d) at the surge direction due to its forced rotation in pitch 
 
Figure 7 illustrates the comparison of the damping coefficients 𝐵ଵଵ, 𝐵ଷଷ, 𝐵ହହ, 𝐵ଵହ among the three considered formulations. It 
is evident that 𝐵ଵଵ, 𝐵ଷଷ follow, in general, the variation pattern of the surge and heave exciting forces, characterized by peaks 
occurring in the neighborhood of 𝜔 = 1.3rad/s and 𝜔 = 0.85rad/s, respectively. It is worthwhile to note that the damping 
coefficients express positive values in the examined wave frequency range. Concerning the comparison between theoretical 
and numerical methods, it can be concluded that both numerical methods achieve comparable outcomes, whereas the theoretical 
analysis predicts the resonant locations at slightly higher values of wave frequencies. Nevertheless, these discrepancies are 
limited only near the resonant frequencies, whilst the theoretical formulation can describe accurately the hydrodynamic 
characteristics in the remain wave frequencies.  

In Figure 8 the horizontal and vertical motions, as well as the horizontal rotations of the submerged vehicle are plotted. It can 
be seen that the values of 𝑥ଵ decrease as the wave frequencies increase. On the other hand, 𝑥ଷ begins its variation from a 
baseline value of one (at 𝜔 = 0.05rad/s), and it increases up to 𝜔 = 1.7 rad/s, where a local maximum of  𝑥ଷ is attained. A 
smooth decrease follows leading to a local minimum of 𝑥ଷ at 𝜔 = 1.8 rad/s. Regarding 𝑥ହ a sharp increase is depicted in the 
neighborhood of  𝜔 = 2 rad/s, which is followed by a prompt decrease at 𝜔 = 2.2 rad/s. Furthermore, it should be noted that 
both the numerical models and the theoretical formulation attain similar results for the body’s motions and rotations.  
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         (a)                (b) 

 
           (c) 

Figure 8: Motions and rotations of the submerged body: (a) horizontal motion 𝒙𝟏/(𝑯/𝟐); (b) vertical motion 𝒙𝟑/(𝑯/𝟐); (c) horizontal rotation 𝒙𝟓/(𝒌𝑯/𝟐) 
 
Subsequently, several submergences below free water surface are examined. Specifically, the submerged vehicle is assumed to 
be floating at 1ℎ, 2ℎ, 3ℎ, 4ℎ, below the free water surface, whereas the geometrical characteristics of the body and the water 
depth are remained constant. Here the outcomes are derived by the theoretical formulation, whereas the AQWA software is 
applied for comparative purposes for a submergence of 0ℎ, i.e., there exists no gap between the body’s upper surface and the 
free water surface. 

Figure 9 depicts the exciting forces and moments on the body for the various considered submergences. It can be seen that the 
oscillatory behavior of 𝐹௫, 𝐹௭, 𝑀௬ for the 0.116ℎ case is not present for higher submergences and for the scenario where the 
body is floating at the free surface. Furthermore, it is depicted that the exciting forces and moments decrease as the submergence 
increases.   

Figure 10 displays the hydrodynamic coefficients of the submerged body for different levels of submergence considered. The 
figure illustrates that the closer to the free surface the submerged body is, the stronger the frequency dependence of the 
hydrodynamic parameters is. The latter is described by the decrease of sharp peaks at certain frequency ranges as the 
submergences increase. This also holds true for the body floating on the free surface in which no sharp peaks are presented. 
Therefore, it can be concluded that the hydrodynamic characteristics of the submerged cylinder undergo considerable influence 
by the position which is closest to the free surface. Based on McIver and Evans (1984) this can be attributed to near-standing 
waves which are occurred at certain wave frequencies above the submerged body at small submergence distances compared to 
the body’s diameter.        

0.00

0.50

1.00

1.50

2.00

2.50

3.00

3.50

4.00

4.50

0 0.5 1 1.5 2 2.5 3

x1
 (m

/m
)

ω (rad/s)

Theoretical formulation

Ansys AQWA

HAQi

0.00

1.00

2.00

3.00

4.00

5.00

6.00

0 0.5 1 1.5 2 2.5 3

x3
 (m

/m
)

ω (rad/s)

Theoretical formulation

Ansys AQWA

HAQi

0.00

0.50

1.00

1.50

2.00

2.50

3.00

3.50

0 0.5 1 1.5 2 2.5 3

x5
 (r

ad
/m

)

ω (rad/s)

Theoretical formulation

Ansys AQWA

HAQi



   

  
         (a)                (b) 

 
           (c) 

Figure 9: RAO of the exciting forces and moments on the submerged body for various submergences: (a) horizontal 
forces; (b) vertical forces; (c) horizontal moments 
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         (c)                (d) 

  
         (e)                (f) 

  
         (g)                (h) 

Figure 10: Hydrodynamic coefficients of the submerged body: (a) added mass at the surge direction due to its forced 
oscillation in surge; (b) added mass at the heave direction due to its forced oscillation in heave; (c) added mass at the 
pitch direction due to its forced rotation in pitch; (d) added mass at the pitch direction due to its forced oscillation in 

surge; (e) damping coefficient at the surge direction due to its forced oscillation in surge; (f) damping coefficient at the 
heave direction due to its forced oscillation in heave; (g) damping coefficient at the pitch direction due to its forced 

rotation in pitch; (h) damping coefficient at the pitch direction due to its forced oscillation in surge 
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5. CONCLUSIONS 
 
In this paper, the effect of submergence on the hydrodynamics of an unmanned cylindrical vehicle floating below the free water 
surface is investigated. Three different methodologies, one theoretical and two numerical, are described and compared for 
various submergence distances between the body and the sea surface. The main conclusions of this study are as follows: 

 the hydrodynamics of the submerged cylinder are significantly affected by the submergence of the body below the 
free water surface. Specifically, for small distances between the body and the free water surface sharp peaks are 
attained on the vehicle’s hydrodynamics, 

 the added mass coefficients express negative values at specific wave frequencies are noted for small submergence, 
which are eliminated as the body-free surface distances increase. Nevertheless, the damping coefficients express 
positive values in the examined wave frequency range, regardless the submergence values, 

 regarding the applied methodologies, the in-house numerical software HAQi attains similar outcomes with the 
commercial AQWA software. Furthermore, the results from the developed theoretical formulation are perfectly 
aligned with the variation pattern of the outcomes from the numerical methods. However, deviations do exist at wave 
frequencies in which the body’s hydrodynamics attain peaks.  

 The findings of this analysis suggest that in near-surface operations (i.e., for a submergence depth lower than the 
radius of the submerged body), wave motion primarily consists of a standing wave, leading to swift alterations in both 
added mass and damping coefficients. Therefore, when designing submerged bodies, it's crucial to carefully consider 
the geometric attributes in relation to the wave characteristics since unexpected forces on the hull may be introduced 
increasing the inertia of the body and affecting its acceleration. 

This inquiry could be expanded to explore the effect of the distance between a submerged body and the seabed on the body’s 
hydrodynamics. Furthermore, the analysis could be further developed on the effect of various submergence distances between 
the free water surface and a random shaped body on the latter hydrodynamics.    
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